LIPSCHITZNESS OF *-HOMOMORPHISMS BETWEEN 
C*-METRIC ALGEBRAS 



WEI WU 

Abstract. A C*-metric algebra consists of a unital C*-algebra and a Leibniz 
Lip-norm on tlie C*-algebra. We show that if the Lip-norms concerned are 
lower semicontinuous, then any unital *-homomorphism from a C*-metric al- 
gebra to another one is necessarily Lipschitz. It results that the free product 
of two Lipschitz unital *-homomorphisms between C*-metric algebras coming 
from *-filtrations is still a Lipschitz unital *-homomorphism. 



1. Introduction 

Originated in Kantorovic's work [12l [13] and Connes' observation [11, compact 
quantum metric space was introduced by RiefFel as the noncommutative analogue of 
compact metric space |241 125| . It consists of an order unit space and a Lip-norm on 
it, where the Lip- norm plays the role of the usual Lipschitz seminorms for ordinary 
compact metric spaces [26l [22l |29]. From this, a way to view "matrix algebras 
converge to the sphere" is established by defining the Gromov-Hausdorff distance 
between compact quantum metric spaces [27l |28] . See [HI [HI |39l [TH [El |3T] for 
further discussion. 

To precisely formulate the statements in the literature of high-energy physics 
and string-theory, such as "here are the vector bundles over the matrix algebras 
that correspond to the monopole bundles over the sphere" in [32l[2l[T0] etc., Riefi^el 
found that algebraic conditions on the Lip-norm, such as the Leibniz rule, play a 
crucial role [301 [31] • 

At the investigation of the structure of unital C*-algebras with complexified Lip- 
norms, Kerr proposed a notion of dimension for these C*-algebras, along with two 
dynamical entropies. In this environment, the Leibniz rule on the Lip-norm is also 
of central importance [15j . 

So unital C*-algebras with Leibniz Lip-norms form an important class of com- 
pact quantum metric spaces. For these class of objects, it is essential that the 
maps preserve the given algebraic structure and seminorms in same way. The 
morphisms between two such objects were discussed in [15]: Lipschitz unital *- 
homomorphisms. It is natural to ask what conditions are needed to guarantee that 
a unital *-homomorphism from one such object to another is Lipschitz. In this note 
we show 
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Theorem 1.1. Let {Ai,Li) and (^2,-^2) be two C* -metric algebras with lower 
semicontinuous Lip-norms. If T is a unital * -homomorphism from {Ai,Li) into 
(A2,-/j2), then T is Lipschitz. 

(Precise definitions are given in Section [21) 

In fact, any Lip-norm on a unital C*-algebra may be replaced by a lower semicon- 
tinuous Lip-norm according to theorem 4.1 in [25j . Therefore, unital C*-algebras 
with lower semicontinuous Lip-norms are a class of C*-algebras that deserve to be 
studied further. 

We recall in Section [2] some terminology and some typical constructions of unital 
C*-algebras with lower semicontinuous Leibniz Lip-norms. We prove Theorem ll.il 
in Section [3l and as an application we show, in Section HI that the free product 
of two Lipschitz unital *-homomorphisms between C*-metric algebras coming from 
*-filtrations is still a Lipschitz unital *-homomorphism. 

Acknowledgements. I am grateful to Hanfeng Li for comments. 

2. C*-METRIC ALGEBRAS 

We recall j31j that a Lip-norm on a unital C*-algebra A is a seminorm L on A, 
possibly taking the value -l-oo, such that 

(1) L{Ia) = 0, where 1a is the identity of A, 

(2) L(a*) = L{a) for all a e A, 

(3) the metric on S{A) given by 

Pl{(P,iIj) = sup{|.^(a) - ?/'(a)| : L{a) < 1} 
induces the weak*-topology on S{A). 

When L is a Lip-norm on a unital C*-algebra A, the metric space {S{A), p^) is 
compact. So the diameter diam(A, L) of (A, L), given by the diameter of S{A) with 
respect to pL^ is finite. If L{a) = and the condition[3] above holds, then L{na) — 
for any n G N, and so \Lp{a) — < TiPhisP-i"^) fo'" 'y^, ■0 e and n G N. 

Hence <^{a) — ip{a) for all ipji/j S S{A). Therefore, a S CIa- Let (p,tp G S{A) with 
ip ip. Since the weak*-topology on S{A) is Hausdorff, pL{(p,ip) > if the metric 
PL gives S{A) the weak*-topology. So there is an a S A with L{a) < 1 such that 
(p{a) ip{a). This indicates that L separates the state space S{A) of A. 

A seminorm L on a unital C*-algebra A is said to lower semicontinuous if for 
one r G IR>o, hence for all r > 0, the set {a G A : L{a) < r} is norm-closed in A. 
Given a seminorm on a unital C*-algebra A, we denote the set {a d A : L{a) < 00} 
of Lipschitz elements in A by A. The seminorm L is said to be Leibniz if it satisfies 
the Leibniz rule 

L{ab) < L{a)\\b\\ + \\a\\L{b) 

for all a,b G A. 
Now we define 

Definition 2.1. A C*-metric algebra is a pair {A,L) consisting of a unital C*- 
algebra A and a Leibniz Lip-norm L on A. 

Basically, compact metric spaces provide the prototype of C*-metric algebras. 

Example 2.2. Let {X,p) be an ordinary compact metric space, and let Lp denote 
the Lipschitz seminorm on C{X). Then {C{X), Lp) is a C*-metric algebra and Lp 
is lower semicontinuous. 
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One important class of examples of C* -metric algebras comes from ergodic ac- 
tions of a compact group on a unital C*-algebra [24l I31j. 

Example 2.3. Let A be a unital C*-algebra, let G be a compact group, and let a 
be a strongly continuous ergodic action of G on A by automorphisms. We assume 
that G is equipped with a length function £. Then the seminorm 

L(a) = sup{||Q:2,(a) - a\\/£{x) : x e G\{e}} , a e A, 

is a lower semicontinuous Leibniz Lip-norm on A. 

In [20j . a generalization to ergodic actions of co-amenable compact quantum 
group was given. By viewing an ergodic action of a compact group on a unital G*- 
algebra as the translation action of the group on a noncommutative homogeneous 
space of it, Hanfeng Li recently extended the construction above to the locally 
compact groups which satisfy certain conditions |21j . 

Example 2.4. Given a spectral triple {A,H,D), where {H,D) is an unbounded 
Fredholm module over a unital G*-algebra A [11 [6], we can define a seminorm, L, 
on A by 

L{a) = \\[D,a]\\. 

Let (7 be a state of A. Then L is a Lip-norm if and only the set {a ^ A : L{a) < 
l,(j{a) = 0} is a norm-totally-bounded subset of A [J^. In this case, {A,L) is a 
G*-metric algebra with lower semicontinuous Lip-norm. 

In fact, every G*-metric algebra can be obtained from the Dirac operator ap- 
proach [3^. Finally, we make: 

Definition 2.5. Let {Ai,Li) and (A2,L2) be two G*-metric algebras. By a *- 
homomorphism from (Ai, Li) to {A2, L2) we mean a *-homomorphism T from G*- 
algebra Ai to G*-algebra A2 such that T{Ai) C A map a : Ai ^ A2 \& said 
to be Lipschitz if there is a constant fJ. > such that 

L2{a{a)) < /iii(a) 

for all a £ Ai- 

3. *-HOMOMORPHISMS BETWEEN G*-METRIC ALGEBRAS 

Let A be a unital G*-algebra with a Lipschitz seminorm L, a seminorm which 
may take value +00, has its null-space the scalar multiples of the identity, and 
satisfies L{a*) = L{a) for all a E A. We can define a metric pL on the state space 
S(A) of A by 

Pl(<^, ^) = sup{|^(a) - V(a)| : L{a) < 1}, if,^£ 5(A). 

Usually this metric may take value -l-oo. From this metric we can define a seminorm 
Lpj^ on A by the formula 

Lp, (a) = sup ( : ^ ^ V, ^, ^ e S{A)\ , a e A. 

This is still a Lipschitz seminorm. 

The dual Banach space to A/{C1a) for the quotient norm || • is just the 
subspace A"^ of the dual space A' consisting of those f G A' such that /(1a) = 0. 
Similar to [5S], we define 

L'if) = sup{|/(a)| : L{a) < 1, a G A}, / e A'. 
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By proposition 3.7 of [23] and proposition 4.2 of [38], for any g £ A"^ with H^H < 2 
there are (pi, ip2, ps, Pi e '5'(^) such that g ~ {ipi — (p2) + ii^Pa — fA)- So 

i'(g)=sup{|g(a)|:i(a)<l,aeA} 

= sup{|(<^i(a) - '^2(0)) + i{V3.{a) - "^4(0))! : L{a) < l,a G A} 

< sup{|(pi(a) - ip2{a)\ ■ L{a) < 1, a G A} 

+ sup{|(y93(a) - <^4(a)| : L{a) < 1, a G A} 

= Pl['Pi,^2) + PL{'P3,f4), 

and 

PLi^fii, V2) + PLi'PZi'Pi) = sup{|v3i(a) - ip2{a)\ : L{a) <l,a£ A} 
+ sup{|(/53(a) — ^Pi{a)\ ■ L{a) <l,a£ A} 
= sup{|5(a) + .g*(a)|/2 : L{a) < l,a G ^1} 
+ sup{|g(a)-g*(a)|/2:i(a) < l,aG A} 
< 2sup{|5(a)| : L{a) < l,a G ^4} 
= 2£'(5). 

Denote 

Ci = {aeA: L{a) < 1}. 

Then £1 is convex and balanced, and the bipolar theorem says that c\ " = 
Now suppose that L is lower semicontinuous. Then we get 

£1 ^ci°. 

If Lp^(a) < 1, then \Lp{a)~^{a)\ < pUf,^) for nWip,^ G S{A). So \g{a)\ < 2L'{g) 
for all g G A'^ with H^H < 2, and this also implies that \g{a)\ < 2L'{g) for all 
g G Thus \g{a/2)\ < 1 for all g e A' with L'{g) < 1. By definition, we obtain 
that a/2 G C°^° =£1. So 

L{a) < 2Lp,{a). 

If i(a) < 1, then a G Z:?"- So |/(a)| < 1 for aU / G A' with L'{f) < 1, and 
hence |/(a)| < for all / G A'". In particular, we have that \(p{a) — ilj{a)\ < 

L'{ip -ip)= Pl{(P, ip) for ip,^e S{A). Thus Lp^ (a) < 1. So 

Lp^{a) < L{a). 

Therefore, we have 

Lemma 3.1. Let A he a unital C* -algebra with a lower semicontinuous Lipschitz 
seminorm L. Then 

Lp,{a)<L{a)<2Lp,{a), 

for all a £ A. 

Suppose Ai and A2 are two unital C*-algebras with C*-norms || • ||i and || • II2, 
respectively. Let Li and L2 be Lipschitz seminorms on Ai and A2, respectively, 
which are Leibniz. On Ai and A2, we can define new norms by 

Mi(a) = ||a||i + Li(a), a G A, 
M2(6) = ||6||2 + i2(6), 6g^2, 
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respectively. Then (^i, A/i) and {A2, A/2) are normed algebras since Li and L2 are 
Leibniz. We denote by 2ti and 2t2 the completions of Ai and A2 with respect to 
the norms Mi and M2, respectively. 

Let {a„} be a sequence in Ai such that '^'^^i Mi(an) converges. Then both 
Iknili X^^i-^il*^") convergent. Since ^1 is complete in the norm 
II • 111, there is an a e Ai such that a = X^^i '^n ^he norm || • ||i. For any fc G N, 
we have 

k 




00 

<^Li(a„)<E 

-^i(a„) 



1 



Now assume that Li is lower semicontinuous. Then we have 



Li{a) < ^ Li(a„) < 00. 



Thus a £ Ai- Similarly, we have that Li (X^^fc+i ' 
So 



<Er=A:+iiiMforfceN. 





< 



00 



,i=fc+l 



n=k+l 



Li(a„). 



Thus limfc^oo Mi (^a - X]Ji=i 



= 0, i.e., J2'^=i^n converges to a in the norm 
Ml. So y^i is complete in the norm Mi. Therefore, 2ti — Ai. Similarly, we have 
that 2I2 = A2 if L2 is lower semicontinuous. Moreover, in this case we have 

Proposition 3.2. If a is a * -homomorphism from C* -algebra Ai into C* -algebra 
A2 such that a{Ai) C A2, then there is a constant A > such that 



M2{a{a)) < XMi{a) 



for all a £ Ai . 



Proof. Since both the norms || • ||i and || • II2 and the seminorms Li and L2 have an 
isometric involution, the involutions on Ai and A2 are isometric with the norms 
Ml and M2, respectively. And so {Ai,Mi) and (-42, M2) are Banach *-algebras 
with isometric involutions. That a is a * -homomorphism implies that a{Ai) is 
a *-subalgebra of A2. Also from the relation A2 C A2, we get the restriction of 
the C*-norms on A2 to A2, and it makes A2 into a pre-C*-algebra [37]. This 
shows that (^^2,-^/2) is an v4*-algebra. By theorem 23.11 in [E], a is continuous 
as a map from (^i,Afi) into (^^2,-^/2). Thus, there is a constant A > such that 
M2(a(a)) < AAfi(a) for all a G y^i. □ 

Assume that T is a unital positive linear map from C*-algebra Ai into C*-algebra 
A2. Let 5(^1) and S{A2) denote the state spaces of Ai and A2, respectively. For 
any ip G S{A2), we define 

(TT(<yj)(a) = (p{Ta), a G Ai. 

Then ctt is an affine map from S{A2) into S{Ai). Moreover, if T maps Ai onto 
A2, then ax is injective; if <7t is a surjection, then T is an injection. 
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Lemma 3.3. Let {Ai,Li) and {A2,L2) be two C* -metric algebras with lower 
semicontonuous Lip-norms. If T is a unital * -homomorphism from {Ai,Li) into 
{A2, L2), then there is a Lipschitz affine map a from metric space (5(^2), PL2) 
metric space (S{A\), pi^^ such that 

ip{Ta) = cj{ip){a), a e Ai, e 5(^2). 

Proof. Suppose T is a unital * -homomorphism from Ai into A2. Set a = ut- For 
any tpo G 'S'(^i) and b ^ Ai with Li[b) < 1, define 

f^oA'P) = fib) - fo{b), (peS{Ai). 

Clearly fipg^b is a continuous affine function on S{Ai). To each a G Ai, we get a 
function a on S{Ai) defined by a{ip) — ip{a). By the basic representation theorem 
of Kadison [11] (see theorem II. 1.8 of 1 ), there is a self-adjoint a^pg^i, E A\ such 
that f^pa^h = o.ipQ,h for every b = b* e Ai. 

For any ip E S{Ai) and b = b* E Ai with Li{b) < 1, we have 

\apo,b{f)\ = \ f(b) - fo{b)\ < pLiifi'Po) < diam(^i,Li). 

So ||a(p„.f,||i < diam(j4i,Li) by proposition II. 1.7 of 1 . And since Li is lower 
semicontinuous, we get 

= 2supi ^ ^ — : ipi ^ ip2,ipi,ip2 e S[Ai) 

L PLi(ipi,ip2) 

= 2sup <^ — : ^ if>2,H^\,V2 e S{A{) 

= 2sup (M^l^^ : ^ , j 

I PLx{ipi,ip2) J 

= 2Lp^^{b)<2Li{b)<2 
by Lemma |3. II Thus 

Miia^.^b) < diam(Ai,Li) + 2. 

So the set {a^^g i, : b — b* E Ai,Li{b) < 1} is bounded in Ai with respect to 
the norm Mi. By Proposition E21 the set {Ta^g^b : b = b* E Ai,Li{b) < 1} is 
bounded in A2 under the norm M2. Then there is a constant K > such that 
M2{Tapg^b) < K for aU b = b* E Ai with Li{b) < 1. 

Now for any ipi,ip2 S ^(^2) and any b = bi + ib2 E Ai with Li{b) < 1 and 
bi — b* E A\ for i E {1, 2}, we have that L\(b\) < 1 and ^1(62) < 1, and so 

\a{^,){b,) - (7(^2)(6.)l = M^^im - Mm - W{^J2){b^) - Mh)]\ 
= |a^o,6.('^(^i)) -a¥'o,b.(^(V'2))| 
= \Ta^„^bi{ipi) - Ta^o,f>.(V'2)| 

< LpL2 {Ta^g^bi)PL2{'^i,^2) 

< L2{Ta^g^bi)PL2{'^i.^2) 

< M2(Ta^„^bJpi2(V'i,i/'2) 

< KpL2{tpl,tp2), 
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by Lemma l3. II From this we obtain 

|a(V'i)(6) - a(^2)(6)| < W{^i){bi) - <y{i^2){bi)\ + W{^i){b2) - a(V2)(62)| 
<2A>i,(V'i>2). 

Therefore, (cr(i/'i), o-('(/'2)) < ^KpL^ii^iji^^)- Hence a is Lipschitz. □ 

We are ready to prove Theorem 11.11 

Proof of Theorem l 1 . ll Jiv Lemma l3.31 there exists an affine map a from metric space 
(5(^2), PL2) into metric space {S{Ai), p^-^) such that 

(p{Ta) = a{ip){a), a e Ai, ip e S{A2), 

and 

PLi(o-(V'l),cr(V'2)) < KpL2{lpl,1p2), tpl,tp2 G S{A2), 

for some positive constant K. So for any a G Ai, we have 
L2{Ta)<2Lp,^{Ta) 

= 2sup| '^^^"\--^(f")' :^^^,^,^€5(A2; 
= 2SUP ( I^MW -^ WWI : ^ ^ ^, V. G 5( A2) 

= 2sup<^ — -- — -— : ip ^ ^,ip,->p e S{A2, 

< 2KLi{a) 

by Lemma [3T] Therefore, T is Lipschitz. □ 

4. AN APPLICATION 

Let A be a unital C*-algebra. A *-filtration {An} of A is a sequence of finite- 
dimensional subspaces which satisfy 

(1) Ao = CIa, Al = 

(2) A„ C A„ if m < n, 

(3) A^riAn C Am+n, 

(4) A - 

|35) . Given a faithful state a on A. Let (tt, H, ^) be the faithful GNS representation 
of (A, cr). We identify A with the corresponding linear space of vectors in H. We 
let II • II denote the operator norm of 7r(A), and || • II2 denote the vector norm of A. 
Viewing each An as a finite-dimensional subspace of H , we obtain a filtration of H 
in the sense that is an increasing sequence of finite-dimensional subspaces of 

H and U5^qv4„ is dense in H [35]. Let Qn denote the orthogonal projection of H 
onto An- Set P„ = Qn — Qn-i for n > 1, and Pq = Qq. We define 

00 

D^Y^nPn. 

n=\ 

Then £) is a unbounded linear operator on H with domain A — U^qA„. The linear 
functional /(/i) = {Dh, k) on A is bounded if and only if k £ A. It is also clear 
that {Dh,k) = {h,Dk) for all h,k G A. So D is self-adjoint [7]. By lemma 1.1 of 
[22], A = {a ^ A : [D,Tr{a)] is bounded}. Furthermore D has a finite-dimensional 
kernel, and the inverse (defined on the orthogonal complement of D's kernel) 
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is compact. So {A,H,D) is a spectral triple [U O [H [171 [33] . Using this spectral 
triple, we can define a seminorm L on A, possible taking the value +oo, by 

L(a) = ||[£i,7r(a)]||, a e A. 

For all a,b G A, we have 

L{ab) ^\\[D, TT{ab)]\\ = \\[D, ^(a)]7r(6) + 7r(a) [D, ^(6)] || 
<\\[D,7T{a)]\\\\n{b)\\ + Ma)\\\\[D,nm\ 
= L{a)\\b\\ + \\a\\L{b). 
So L is Leibniz. By main theorem 1.2 in 22J, we have 
Proposition 4.1. If there is a constant C such that 

\\Pm7r{Pkia))Pj < C||Pfe(a)||2 

for all a € A and m,n,k e then {A, L) is a C* -metric algebra with lower 
semicontinuous Lip-norm. 

A condition of this kind is called a Haagerup-type condition with constant C. 
In this case, we will call {A, L) the C'*-metric algebra coming from ({An}, a) (with 
constant C). 

Suppose that {A^,Li) and {A^,L2) are two C*-metric algebras coming from 
({v4^},(Ti) and ({^1^^}, (T2), respectively, and both with constant C. Let 

{A,a)^{A\cT,)*{A\a2) 

be the reduced free-product C* -algebra with the faithful state a|34| , (36 1 [3], We 
define a *-filtration {An} on (A, a) by setting An to be the linear span of all products 
A\l^ A]!^^ with each ij e {1,2}, with ij 7^ Zj+i for 1 < j < fc — 1, and with 

Yl^j=i ^3 — ^- We let (tTj, i?', denote the faithful GNS representation of (^', CTj) 
for I g {1, 2}, and we let (tt, ff, denote the faithful GNS representation of (A, cr). 
We let {Pn} be the family of mutually orthogonal projections corresponding to the 
filtration {A„} as above. Let D be the Dirac operators coming from (A, {A„}, a). 
Then 

ri=l 

and the corresponding lower semicontinuous seminorm on A is 

L(a) = ||[L',7r(a)]||, a C A. 
By theorem 6.1 of [22], we obtain 

Proposition 4.2. //(Ti anc? (T2 are traces, then {A, L)is a C* -metric algebra coming 
from {{An{, cr) with constant \fhC , the reduced C* -norm on A is the operator norm 
for the GNS representation for a on H, and {H,£_) = * (iJ^,^2)- 

From the discussion above, we see that A = UJ^q^" = Ai * A2, where Ai * A2 
is the algebraic free-product of Ai and A2 with its evident involution. 

Theorem 4.3. Let {Ai, L,) and {A^, L^) be C* -metric algebras coming from ({^i}, (Ji) 
and ({Aj},(Tj), respectively, with the faithful tracial states and and constant 
C for all I — 1,2. Denote 

iA,a) = (Ai,ai)*(A2,a2), 
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{A,a) = {Ai,ai) * (v42,CT2). 

Suppose that ai : Ai ^ Ai and a2 ■ A2 A2 are two Lipschitz unital 
homomorphisms such that o — a^. Then there is a unique Lipschitz unital 
*-homomorphism a : A —i- A such that for every i S {1,2} the diagram 

K ^ A 

A, ^ i ^ C 

commutes, where \ and A, are the maps arising from the free product construction. 

Proof. Consider the unital *-homomorphisms (3i ^ Xi o ai : Ai A and (32 — 
A2 o a2 : ^2 ^ A. We have the following diagrams commute: 

C 

cri Tit \cr2 

A, A A2 

for I e {1,2}. By lemma 1.3 of 9 , there is a *-homomorphism a : A ^ A such 
that a o Aj — (3^ and a o a — a. In particular, we have that a o Aj = Aj o and 

a{lA) = a(Ai(Uj) = = (Ai o = 1a- 

Since A is generated by Ai(^i) U A2(A2), it is clear that a will be unique if it 
exists. It is also clear that a(A) C A, and so the Lipschitzness of a follows from 
Proposition 14.11 Proposition 14.21 and Theorem ll.il □ 
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